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The Lp-dissipativity of certain differential and integral
operators
Alberto Cialdea and Vladimir Maz’ya
In Memory of Selim G. Krein
Abstract. The first part of the paper is a survey of some of the results pre-
viously obtained by the authors concerning the Lp-dissipativity of scalar and
matrix partial differential operators. In the second part we give new necessary
and, separately, sufficient conditions for the Lp-dissipativity of the “complex
oblique derivative” operator. In the case of real coefficients we provide a nec-
essary and sufficient condition. We prove also the Lp-positivity for a certain
class of integral operators.
1. Introduction
In a series of papers [2, 3, 4, 6] we have studied the problem of characterizing
the Lp-dissipativity of scalar and matrix partial differential operators. The main
result we have obtained is that the algebraic condition
(1.1) |p− 2| |〈ImA ξ, ξ〉| ≤ 2
√
p− 1 〈ReA ξ, ξ〉
for any ξ ∈ Rn, is necessary and sufficient for the Lp-dissipativity of the Dirichlet
problem for the scalar differential operator ∇t(A ∇), where A is a matrix whose
entries are complex measures, not necessarily absolutely continuous, and whose
imaginary parts is symmetric. Specifically we have proved that condition (1.1) is
necessary and sufficient for the Lp-dissipativity of the related sesquilinear form
L (u, v) =
∫
Ω
〈A ∇u,∇v〉 .
Such condition characterizes the Lp-dissipativity individually, for each p, while
in the literature previous results dealt with the Lp-dissipativity for any p ∈ [1,+∞).
Later on we have considered more general operators. Our results are described in
the monograph [5].
We remark that, if ImA is symmetric, (1.1) is equivalent to the the condition
(1.2)
4
p p′
〈ReA ξ, ξ〉+ 〈ReA η, η〉+ 2〈(p−1 ImA +p′−1 ImA ∗)ξ, η〉 ≥ 0
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for any ξ, η ∈ Rn. If the matrix ImA is not symmetric, condition (1.2) is only
sufficient for the Lp-dissipativity of the corresponding form.
Let us consider the class of partial differential operators of the second order
whose principal part is such that the form (1.2) is not merely non-negative, but
strictly positive. This class of operators, which could be called p-strongly elliptic,
was recently considered by Carbonaro and Dragicˇevic´ [1], and Dindosˇ and Pipher
[7].
In what follows, saying the Lp-dissipativity of an operator A, we mean the
Lp-dissipativity of the corresponding form L , just to simplify the terminology.
In the present paper, after surveying some of our more recent results for systems
which are not contained in [5], we give some new theorems.
The first ones concern the “complex oblique derivative” operator
λ · ∇u = ∂u
∂xn
+
n−1∑
j=1
aj
∂u
∂xj
where λ = (1, a1, . . . , an−1) and aj are complex valued functions. We give necessary
and, separately, sufficient conditions under which such boundary operator is Lp-
dissipative on Rn−1. If the coefficients aj are real valued, we provide a necessary
and sufficient condition.
The last result concerns a class of integral operators which can be written as
(1.3)
∫ ∗
Rn
[u(x)− u(y)]K(dx, dy)
where the integral has to be understood as a principal value in the sense of Cauchy
and the kernel K(dx, dy) is a Borel positive measure defined on Rn×Rn satisfying
certain conditions. The class of operators we consider includes the fractional powers
of Laplacian (−∆)s, with 0 < s < 1. We establish the Lp-positivity of operator
(1.3), extending in this way a result we obtained in [5, p.230–231].
The paper is organized as follows. Section 2 presents a review of our main
results concerning scalar differential operators of the second order.
Section 3 is dedicated to systems. In particular we describe some necessary
and sufficient conditions for the Lp-dissipativity of systems of partial differential
operators of the first order, recently obtained in [6].
The topic of Section 4 is elasticity system. After recalling the necessary and
sufficient conditions we previously obtained in the planar case, we describe sufficient
conditions holding in any dimension and proved in [4]. Finding necessary and suffi-
cient conditions for the Lp-dissipativity of elasticity system in the three-dimensional
case is still an open problem.
In Sections 5 and 6 we prove the above mentioned results concerning the “com-
plex oblique derivative” operator and the operator (1.3) respectively.
2. The scalar operators
Let Ω be an open set in Rn. Consider the sesquilinear form
L (u, v) =
∫
Ω
(〈A ∇u,∇v〉 − 〈b∇u, v〉+ 〈u, c∇v〉 − a〈u, v〉)
defined on C10 (Ω)×C10 (Ω). Here A is a n×n matrix function with complex valued
entries ahk ∈ (C0(Ω))∗, b = (b1, . . . , bn) and c = (c1, . . . , cn) are complex valued
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vectors with bj, cj ∈ (C0(Ω))∗ and a is a complex valued scalar distribution in
(C10 (Ω))
∗. The symbol 〈·, ·〉 denotes the inner product either in Cn or in C.
In what follows, if p ∈ (1,∞), p′ denotes its conjugate exponent p/(p− 1).
The integrals appearing in this definition have to be understood in a proper
way. The entries ahk being measures, the meaning of the first term is∫
Ω
〈A ∇u,∇v〉 =
∫
Ω
∂ku ∂hv da
hk .
Similar meanings have the terms involving b and c. Finally, the last term is the
action of the distribution a ∈ (C10 (Ω))∗ on the functions u v belonging to C10 (Ω).
We say that the form L is Lp-dissipative (1 < p <∞) if for all u ∈ C10 (Ω)
ReL (u, |u|p−2u) ≥ 0 if p ≥ 2;(2.1)
ReL (|u|p′−2u, u) ≥ 0 if 1 < p < 2(2.2)
(we use here that |u|q−2u ∈ C10 (Ω) for q ≥ 2 and u ∈ C10 (Ω)).
The form L is related to the operator
(2.3) Au = div(A ∇u) + b∇u+ div(cu) + au.
where div denotes the divergence operator. The operator A acts from C10 (Ω) to
(C10 (Ω))
∗ through the relation
L (u, v) = −
∫
Ω
〈Au, v〉
for any u, v ∈ C10 (Ω). The integration is understood in the sense of distributions.
As we already remarked, saying the Lp-dissipativity of the operator A, we mean
theLp-dissipativity of the form L .
The following Lemma provides a necessary and sufficient condition for the Lp-
dissipativity of the form L .
Lemma 2.1 ([2]). The operator A is Lp-dissipative if and only if for all v ∈
C10 (Ω)
Re
∫
Ω
[
〈A ∇v,∇v〉 − (1− 2/p)〈(A −A ∗)∇(|v|), |v|−1v∇v〉−
(1− 2/p)2〈A ∇(|v|),∇(|v|)〉
]
+
∫
Ω
〈Im(b+ c),Im(v∇v)〉+
∫
Ω
Re(div(b/p− c/p′)− a)|v|2 ≥ 0.
Here and in what follows the integrand is extended by zero on the set where v
vanishes.
This result has several consequences. The first one is a necessary condition for
the Lp-dissipativity.
Corollary 2.2 ([2]). If the operator A is Lp-dissipative, we have
(2.4) 〈ReA ξ, ξ〉 ≥ 0
(in the sense of measures) for any ξ ∈ Rn.
Obviously condition (2.4) is not sufficient for the Lp-dissipativity of the form
L .
4 A. CIALDEA AND V. MAZ’YA
Corollary 2.3 ([2]). Let α, β two real constants. If
(2.5)
4
p p′
〈ReA ξ, ξ〉+ 〈ReA η, η〉+ 2〈(p−1 ImA +p′−1 ImA ∗)ξ, η〉+
〈Im(b+ c), η〉 − 2〈Re(αb/p− βc/p′), ξ〉+
Re [div ((1 − α)b/p− (1− β)c/p′)− a] ≥ 0
for any ξ, η ∈ Rn, the operator A is Lp-dissipative.
Generally speaking, conditions (2.5) are not necessary, as the following example
shows.
Example 2.4. let n = 2 and
A =
(
1 iγ
−iγ 1
)
where γ is a real constant, b = c = a = 0. In this case polynomial (2.5) is given by
(η1 − γξ2)2 + (η2 − γξ1)2 − (γ2 − 4/(pp′))|ξ|2.
Taking γ2 > 4/(pp′), condition (2.5) is not satisfied, while we have the Lp-
dissipativity, because the corresponding operator A is the Laplacian.
Note that in this example the matrix ImA is not symmetric. Later we give
another example showing that, even for symmetric matricesImA , conditions (2.5)
are not necessary for Lp-dissipativity (see Example 2.11). Nevertheless in the next
section we show that the conditions are necessary for the Lp-dissipativity, provided
the operator A has no lower order terms and the matrix ImA is symmetric (see
Theorem 2.5 and Remark 2.6).
In the case of an operator (2.3) without lower order terms:
(2.6) Au = div(A ∇u)
with the coefficients ahk ∈ (C0(Ω))∗, we can give an algebraic necessary and suffi-
cient condition for the Lp-dissipativity.
Theorem 2.5 ([2]). Let the matrix ImA be symmetric, i.e. ImA t =
ImA . The form
L (u, v) =
∫
Ω
〈A ∇u,∇v〉
is Lp-dissipative if and only if
(2.7) |p− 2| |〈ImA ξ, ξ〉| ≤ 2
√
p− 1 〈ReA ξ, ξ〉
for any ξ ∈ Rn, where | · | denotes the total variation.
Remark 2.6. One can prove that condition (2.7) holds if and only if
(2.8)
4
p p′
〈ReA ξ, ξ〉+ 〈ReA η, η〉 − 2(1− 2/p)〈ImA ξ, η〉 ≥ 0
for any ξ, η ∈ Rn. This means that conditions (2.5) are necessary and sufficient for
the operators considered in Theorem 2.5.
Remark 2.7. Let us assume that either A has lower order terms or they are
absent and ImA is not symmetric. Using the same arguments as in Theorem 2.5,
one could prove that (2.7) (or, equivalenty, (2.8)) is still a necessary condition for
A to be Lp-dissipative. However, in general, it is not sufficient. This is shown by
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the next example (see also Theorem 2.9 below for the particular case of constant
coefficients).
Example 2.8. Let n = 2 and let Ω be a bounded domain. Denote by σ a not
identically vanishing real function in C20 (Ω) and let λ ∈ R. Consider operator (2.6)
with
A =
(
1 iλ∂1(σ
2)
−iλ∂1(σ2) 1
)
i.e.
Au = ∂1(∂1u+ iλ∂1(σ
2) ∂2u) + ∂2(−iλ∂1(σ2) ∂1u+ ∂2u),
where ∂i = ∂/∂xi (i = 1, 2).
By definition, we have L2-dissipativity if and only if
Re
∫
Ω
((∂1u+ iλ∂1(σ
2) ∂2u)∂1u+ (−iλ∂1(σ2) ∂1u+ ∂2u)∂2u) dx ≥ 0
for any u ∈ C10 (Ω), i.e. if and only if∫
Ω
|∇u|2dx− 2λ
∫
Ω
∂1(σ
2)Im(∂1u ∂2u) dx ≥ 0
for any u ∈ C10 (Ω). Taking u = σ exp(itx2) (t ∈ R), we obtain, in particular,
(2.9) t2
∫
Ω
σ2dx− tλ
∫
Ω
(∂1(σ
2))2dx+
∫
Ω
|∇σ|2dx ≥ 0.
Since ∫
Ω
(∂1(σ
2))2dx > 0,
we can choose λ ∈ R so that (2.9) is impossible for all t ∈ R. Thus A is not
L2-dissipative, although (2.7) is satisfied.
Since A can be written as
Au = ∆u− iλ(∂21(σ2) ∂1u− ∂11(σ2) ∂2u),
the same example shows that (2.7) is not sufficient for the L2-dissipativity in the
presence of lower order terms, even if ImA is symmetric.
Generally speaking, it is impossible to obtain an algebraic characterization for
an operator with lower order terms. Indeed, let us consider, for example, the
operator
Au = ∆u + a(x)u
in a bounded domain Ω ⊂ Rn with zero Dirichlet boundary data. Denote by λ1 the
first eigenvalue of the Dirichlet problem for the Laplace equation in Ω. A sufficient
condition for the L2-dissipativity of A has the form Rea ≤ λ1, and we cannot give
an algebraic characterization of λ1.
Consider, as another example, the operator
A = ∆+ µ
where µ is a nonnegative Radon measure on Ω. The operator A is Lp-dissipative if
and only if
(2.10)
∫
Ω
|w|2dµ ≤ 4
p p′
∫
Ω
|∇w|2dx
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for any w ∈ C0∞(Ω) (cf. Lemma 2.1). Maz’ya [9, 10, 11] proved that the following
condition is sufficient for (2.10):
(2.11)
µ(F )
capΩ(F )
≤ 1
p p′
for all compact set F ⊂ Ω and the following condition is necessary:
(2.12)
µ(F )
capΩ(F )
≤ 4
p p′
for all compact set F ⊂ Ω. Here, capΩ(F ) is the capacity of F with respect to Ω,
i.e.,
(2.13) capΩ(F ) = inf
{∫
Ω
|∇u|2dx : u ∈ C0∞(Ω), u ≥ 1 on F
}
.
The condition (2.11) is not necessary and the condition (2.12) is not sufficient.
However, it is possible to find necessary and sufficient conditions in the case of
constant coefficients. Namely, let A be the differential operator
Au = ∇t(A ∇u) + b∇u+ au
with constant complex coefficients. Without loss of generality we assume that the
matrix A is symmetric.
Theorem 2.9 ([2]). Let Ω be an open set in Rn which contains balls of arbi-
trarily large radius. The operator A is Lp-dissipative if and only if there exists a
real constant vector V such that
2ReA V + Imb = 0
Re a+ 〈ReA V, V 〉 ≤ 0
and the inequality
(2.14) |p− 2| |〈ImA ξ, ξ〉| ≤ 2
√
p− 1 〈ReA ξ, ξ〉
holds for any ξ ∈ Rn.
Corollary 2.10 ([2]). Let Ω be an open set in Rn which contains balls of
arbitrarily large radius. Let us suppose that the matrix ReA is not singular. The
operator A is Lp-dissipative if and only if (2.14) holds and
(2.15) 4Re a ≤ −〈(ReA )−1 Imb,Imb〉 .
Example 2.11. Let n = 1 and Ω = R1. Consider the operator(
1 + 2
√
p− 1
p− 2 i
)
u′′ + 2iu′ − u,
where p 6= 2 is fixed. Conditions (2.14) and (2.15) are satisfied and this operator is
Lp-dissipative, in view of Corollary 2.10.
On the other hand, the polynomial considered in Corollary 2.3 is
Q(ξ, η) =
(
2
√
p− 1
p
ξ − η
)2
+ 2η + 1
which is not nonnegative for any ξ, η ∈ R. This shows that, in general, condi-
tion (2.5) is not necessary for the Lp-dissipativity, even if the matrix ImA is
symmetric.
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3. Lp-dissipativity for systems
In this Section we describe criteria we have obtained for some systems of partial
differential equations.
3.1. Systems of the first order. Let Bh and C h (h = 1, . . . , n) be m ×m
matrices whith complex-valued entries bhij , c
h
ij ∈ (C0(Ω))∗ (1 ≤ i, j ≤ m). Let D
stand for a matrix whose elements dij are complex-valued distributions in (C
1
0 (Ω))
∗.
Let L (u, v) be the sesquilinear form
(3.1) L (u, v) =
∫
Ω
〈Bh ∂hu, v〉 − 〈C h u, ∂hv〉+ 〈D u, v〉
defined in (C10 (Ω))
m × (C10 (Ω))m, where ∂h = ∂/∂xh.
The form L is related to the system of partial differential operators of the first
order:
(3.2) Eu = B
h ∂hu+ ∂h(C
h u) + D u
As in the scalar case, we say that the form L is Lp-dissipative if (2.1)-(2.2)
hold for all u ∈ (C10 (Ω))m.
We have found necessary and sufficient conditions for the Lp-dissipativity when
Eu = B
h ∂hu+ D u
and the entries of the matrices Bh,D are locally integrable functions. Moreover we
suppose that also ∂h B
h (where the derivatives are in the sense of distributions) is
a matrix with locally integrable entries.
Theorem 3.1 ([6]). The form
L (u, v) =
∫
Ω
〈Bh ∂hu, v〉+ 〈D u, v〉
is Lp − dissipative if, and only if, the following conditions are satisfied:
(1)
B
h(x) = bh(x) I, if p 6= 2,(3.3)
B
h(x) = (B
h)∗(x), if p = 2,(3.4)
for almost any x ∈ Ω and h = 1, . . . , n. Here bh are real locally integrable
functions (1 ≤ h ≤ n).
(2)
(3.5) Re〈(p−1∂h Bh(x) −D(x))ζ, ζ〉 ≥ 0
for any ζ ∈ Cm, |ζ| = 1 and for almost any x ∈ Ω.
As far as the more general operator (3.2) is concerned, we have the following
result, under the assumption that Bh, C h, D , ∂h B
h and ∂h C
h are matrices with
complex locally integrable entries.
Theorem 3.2 ([6]). The form (3.1) is Lp-dissipative if, and only if, the fol-
lowing conditions are satisfied
(1)
B
h(x) + C
h(x) = bh(x) I, if p 6= 2,
B
h(x) + C
h(x) = (B
h)∗(x) + (C
h)∗(x), if p = 2,
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for almost any x ∈ Ω and h = 1, . . . , n. Here bh are real locally integrable
functions (1 ≤ h ≤ n).
(2)
Re〈(p−1∂h Bh(x)− p′−1∂h C h(x)−D(x))ζ, ζ〉 ≥ 0
for any ζ ∈ Cm, |ζ| = 1 and for almost any x ∈ Ω.
3.2. Systems of the second order. In this section we consider the class of
systems of partial differential equations of the form
(3.6) Eu = ∂h(A
h(x)∂hu) + B
h(x)∂hu+ D(x)u,
where A h, Bh and D are m×m matrices with complex locally integrable entries.
If the operator (3.6) has no lower order terms, we have necessary and sufficient
conditions:
Theorem 3.3 ([3]). The operator
∂h(A
h(x)∂hu)
is Lp-dissipative if and only if
(3.7)
Re〈A h(x)λ, λ〉 − (1 − 2/p)2 Re〈A h(x)ω, ω〉(Re〈λ, ω〉)2
−(1− 2/p)Re(〈A h(x)ω, λ〉 − 〈A h(x)λ, ω〉)Re〈λ, ω〉 ≥ 0
for almost every x ∈ Ω and for every λ, ω ∈ Cm, |ω| = 1, h = 1, . . . , n.
Combining this result with Theorem 3.1 we find
Theorem 3.4 ([6]). Let E be the operator (3.6), where A h are m×m matrices
with complex locally integrable entries and the matrices Bh(x), D(x) satisfy the
hypothesis of Theorem 3.1. If (3.7) holds for almost every x ∈ Ω and for every
λ, ω ∈ Cm, |ω| = 1, h = 1, . . . , n, and if conditions (3.3)-(3.4) and (3.5) are
satisfied, the operator E is Lp-dissipative.
Consider now the operator (3.6) in the scalar case (i.e. m = 1)
∂h(a
h(x)∂hu) + b
h(x)∂hu+ d(x)u
(ah, bh and d being scalar functions). In this case such an operator can be written
in the form
(3.8) Eu = div(A (x)∇u) + B(x)∇u + d(x)u
where A = {chk}, chh = ah, chk = 0 if h 6= k and B = {bh}. For such an operator
one can show that (3.7) is equivalent to
(3.9)
4
pp′
〈ReA (x)ξ, ξ〉 + 〈ReA (x)η, η〉 − 2(1− 2/p)〈ImA (x)ξ, η〉 ≥ 0
for almost any x ∈ Ω and for any ξ, η ∈ Rn (see [5, Remark 4.21, p.115]). Condition
(3.9) is in turn equivalent to the inequality:
(3.10) |p− 2| |〈ImA (x)ξ, ξ〉| ≤ 2
√
p− 1 〈ReA (x)ξ, ξ〉
for almost any x ∈ Ω and for any ξ ∈ Rn (see [5, Remark 2.8, p.42]). We have then
Theorem 3.5 ([6]). Let E be the scalar operator (3.8) where A is a diagonal
matrix. If inequality (3.10) and conditions (3.3)-(3.4) and (3.5) are satisfied, the
operator E is Lp-dissipative.
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More generally, consider the scalar operator (3.8) with a matrix A = {ahk}
not necessarily diagonal. The following result holds true.
Theorem 3.6 ([6]). Let the matrix ImA be symmetric. If inequality (3.10)
and conditions (3.3)-(3.4) and (3.5) are satisfied, the operator (3.8) is Lp-dissipative.
4. The Lp-dissipativity of the Lame´ operator
Let us consider the classical operator of linear elasticity
(4.1) Eu = ∆u+ (1− 2ν)−1∇ div u
where ν is the Poisson ratio. We assume that either ν > 1 or ν < 1/2. It is well
known that E is strongly elliptic if and only if this condition is satisfied.
We remark that the elasticity system is not of the form considered in the
subsection 3.2.
Let L be the bilinear form associated with operator (4.1), i.e.
L (u, v) = −
∫
Ω
(〈∇u,∇v〉 + (1− 2ν)−1 div u div v) dx ,
The following lemma holds in any dimensions:
Lemma 4.1 ([3]). Let Ω be a domain of Rn. The operator (4.1) is Lp-dissipative
if and only if
∫
Ω
[Cp|∇|v||2 −
2∑
j=1
|∇vj |2 + γ Cp |v|−2|vh∂h|v||2 − γ | div v|2] dx ≤ 0
for any v ∈ (C10 (Ω))2, where
(4.2) Cp = (1− 2/p)2, γ = (1− 2ν)−1.
More precise results are known in the case of planar elasticity. At first we have
an algebraic necessary condition:
Lemma 4.2 ([3]). Let Ω be a domain of R2. If the operator (4.1) is Lp-
dissipative, we have
Cp[|ξ|2 + γ 〈ξ, ω〉2]〈λ, ω〉2 − |ξ|2|λ|2 − γ 〈ξ, λ〉2 ≤ 0
for any ξ, λ, ω ∈ R2, |ω| = 1 (the constants Cp and γ being given by (4.2)).
Hinging on Lemmas 4.1 and 4.2, we proved
Theorem 4.3 ([3]). Let Ω be a domain of R2. The operator (4.1) is Lp-
dissipative if and only if
(4.3)
(
1
2
− 1
p
)2
≤ 2(ν − 1)(2ν − 1)
(3− 4ν)2 .
Concerning the elasticity system in any dimension, the next Theorem shows
that condition (4.3) is necessary, even in the case of a non constant Poisson ratio.
Here Ω is a bounded domain in Rn whose boundary is in the class C2.
Theorem 4.4 ([4]). Suppose ν = ν(x) is a continuos function defined in Ω
such that
inf
x∈Ω
|2ν(x)− 1| > 0.
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If the operator (4.1) is Lp-dissipative in Ω, then
(
1
2
− 1
p
)2
≤ inf
x∈Ω
2(ν(x) − 1)(2ν(x)− 1)
(3 − 4ν(x))2 .
We do not know if condition (4.3) is sufficient for the Lp-dissipativity of the n-
dimensional elasticity. The next Theorem provides a more strict sufficient condition.
Theorem 4.5 ([4]). Let Ω be a domain in Rn. If
(1− 2/p)2 ≤


1− 2ν
2(1− ν) if ν < 1/2
2(1− ν)
1− 2ν if ν > 1.
the operator (4.1) is Lp-dissipative.
We have also a kind of weighted Lp-negativity of elasticity system defined on
rotationally symmetric vector functions.
Let Φ be a point on the (n− 2)−dimensional unit sphere Sn−2 with spherical
coordinates {ϑj}j=1,...,n−3 and ϕ, where ϑj ∈ (0, π) and ϕ ∈ [0, 2π). A point x ∈ Rn
is represented as a triple (̺, ϑ,Φ), where ̺ > 0 and ϑ ∈ [0, π]. Correspondingly, a
vector u can be written as u = (u̺, uϑ, uΦ) with uΦ = (uϑn−3 , . . . , uϑ1 , uϕ). We call
u̺, uϑ, uΦ the spherical components of the vector u.
Theorem 4.6 ([4]). Let the spherical components uϑ and uΦ of the vector u
vanish, i.e. u = (u̺, 0, 0), and let u̺ depend only on the variable ̺. Then, if
α ≥ n− 2, we have∫
Rn
(
∆u+ (1 − 2ν)−1∇ div u) |u|p−2u dx|x|α ≤ 0
for any u ∈ (C∞0 (Rn \ {0}))n satisfying the aforesaid symmetric conditions, if and
only if
−(p− 1)(n+ p′ − 2) ≤ α ≤ n+ p− 2.
If α < n− 2 the same result holds replacing (C∞0 (Rn \ {0}))n by (C∞0 (Rn))n.
5. The Lp-dissipativity of the “complex oblique derivative” operator
In this section we consider the Lp-dissipativity of the “complex oblique deriv-
ative” operator, i.e. of the boundary operator
(5.1) λ · ∇u = ∂u
∂xn
+
n−1∑
j=1
aj
∂u
∂xj
,
the coefficients aj being L
∞ complex valued functions defined on Rn−1.
We start with a Lemma, in which we use the concept of multiplier (see [12]).
In particular we consider the space - we denote by M - of the multipliers acting
form H1/2(Rn−1) into itself. Necessary and sufficient conditions for a function to
be a multiplier and equivalent expressions for the relevant norms are given in [12]
(see, in particular, Theorem 4.1.1, p.134).
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Lemma 5.1. Let a = (a1, . . . , an−1) be a vector multiplier belonging to M . We
have ∣∣∣∣
∫
Rn−1
aj f ∂jg dx
′
∣∣∣∣ ≤ ‖a‖M‖∇f‖L2(Rn+)‖∇g‖L2(Rn+)
for any f, g ∈ H1(Rn+), j = 1, . . . , n− 1. Here the derivatives are understood in the
sense of distributions.
Proof. Let us denote by Λ the operator
√−∆ and write∫
Rn−1
aj f ∂jg dx
′ =
∫
Rn−1
Λ1/2(aj f) Λ
−1/2(∂jg) dx
′ .
We have∣∣∣∣
∫
Rn−1
aj f ∂jg dx
′
∣∣∣∣ ≤ ‖Λ1/2(aj f)‖L2(Rn−1)‖Λ−1/2(∂jg)‖L2(Rn−1) ≤
‖a‖M‖Λ1/2f‖L2(Rn−1)‖Λ1/2g‖L2(Rn−1) ≤ ‖a‖M‖∇f‖L2(Rn
+
)‖∇g‖L2(Rn
+
) .

The next Theorem provides a sufficient condition for the Lp-dissipativity of
operator (5.1) under the assumption that
(5.2) ‖Ima‖M < 4
p p′
.
Theorem 5.2. Suppose condition (5.2) is satisfied. If there exists a real vector
Γ ∈ L2
loc
(Rn) such that
(5.3) − ∂j(Re aj) δ(xn) ≤ p
2
(
4
p p′
− ‖Ima‖M
)
(div Γ− |Γ|2)
in Rn, in the sense of distributions, then the operator (5.1) is Lp-dissipative.
Proof. It is well known that −∂/∂xnu(x′, 0) = Λ(u) where, as in the previous
Lemma, Λ =
√−∆. This permits us to introduce the sesquilinear form
(5.4) L (u, v) = −
∫
Rn−1
〈Λ1/2u,Λ1/2v〉 dx′ +
∫
Rn−1
〈
n−1∑
j=1
aj∂ju, v〉 dx′ .
We say that the operator λ · ∇ is Lp-dissipative if conditions (2.1) and (2.2)
are satisfied for any u ∈ C10 (Rn−1), the form L being given by (5.4).
Suppose p ≥ 2. Denote by U the harmonic extension of u, i.e.
U(x′, xn) =
2
ωn
∫
Rn−1
u(y′)
xn
(|x′ − y′|2 + x2n)n/2
dy′
ωn being the measure of the unit sphere in R
n.
Integrating by parts we get
ReL (u, |u|p−2u) =
Re
∫
Rn−1
∂U
∂xn
|u|p−2udx′ + Re
∫
Rn−1
n−1∑
j=1
aj
∂u
∂xj
|u|p−2udx′ =
−Re
∫
R
n
+
∇U · ∇(|U |p−2U) dx+ Re
∫
Rn−1
n−1∑
j=1
aj
∂u
∂xj
|u|p−2udx′ .
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Therefore, for p ≥ 2, the operator λ · ∇ is Lp-dissipative if and only if
(5.5) Re
∫
Rn−1
n−1∑
j=1
aj
∂u
∂xj
|u|p−2udx′ ≤ Re
∫
R
n
+
∇U · ∇(|U |p−2U) dx
for any u ∈ C10 (Rn−1), U being the harmonic extension of u to Rn+.
Setting V = |U |(p−2)/2U and v = |u|(p−2)/2u, we get
|u|p−2u∂ju = −(1− 2/p) |v| ∂j|v|+ v ∂jv
and then
Re(|u|p−2u ∂ju) = −(1− 2/p) |v| ∂j|v|+ Re(v ∂jv) = 1
p
∂j(|v|2).
With similar computations we find
Re(∇U · ∇(|U |p−2U)) = |∇V |2 − (1− 2/p)2| ∇|V | |2
Inequality (5.5) becomes
(5.6)
−1
p
∫
Rn−1
∂j(Re aj) |v|2 dx′ −
∫
Rn−1
Imaj Im(v ∂jv) dx
′ ≤
∫
R
n
+
(|∇V |2 − (1− 2/p)2| ∇|V | |2) dx .
Lemma 5.1 implies that
(5.7)
∣∣∣∣
∫
Rn−1
Imaj Im(v ∂jv) dx
′
∣∣∣∣ ≤ ‖Ima‖M
∫
R
n
+
|∇V |2dx
On the other hand, inequality (5.3) is the necessary and sufficient condition for
the validity of the inequality
(5.8) −
∫
Rn−1
∂j(Re aj) |v|2 dx′ ≤ p
2
(
4
p p′
− ‖Ima‖M
)∫
Rn
|∇V |2 dx
for any V ∈ C∞0 (Rn), v being the restriction of V on Rn−1 (see [8, Th. 5.1]). In
particular, we find
(5.9) −
∫
Rn−1
∂j(Re aj) |v|2 dx′ ≤ p
(
4
p p′
− ‖Ima‖M
)∫
R
n
+
|∇V |2 dx
for any function V ∈ C∞0 (Rn) which is even with respect to xn. Since | ∇|V | | ≤
|∇V | and 1− (1− 2/p)2 = 4/(p p′), we have also
4
p p′
∫
R
n
+
|∇V |2 dx ≤
∫
R
n
+
(|∇V |2 − (1− 2/p)2| ∇|V | |2) dx .
This inequality, together with (5.7) and (5.9), show that (5.6) holds and the
operator λ · ∇ is Lp-dissipative.
If 1 < p < 2 we have to show that
ReL (|u|p′−2u, u) ≤ 0
for any u ∈ C10 (Rn−1).
Arguing as for (5.5) we find that the operator λ ·∇ is Lp-dissipative if and only
if
Re
∫
Rn−1
n−1∑
j=1
aj
∂(|u|p′−2u)
∂xj
u dx′ ≤ Re
∫
R
n
+
∇(|U |p′−2U) · ∇U dx .
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Setting V = |V |p′−2V and v = |u|p′−2v, we have
Re(|u|p′−2u ∂ju) = (1 − 2/p′) |v| ∂j |v|+ Re(v ∂jv) = 1
p
∂j(|v|2),
Re(∇(|U |p′−2U) · ∇U) = |∇V |2 − (1 − 2/p)2| ∇|V | |2.
Therefore the operator λ · ∇ is Lp-dissipative if and only if (5.6) holds and the
proof proceeds as in the case p ≥ 2. 
The next Theorem provides a necessary condition, similar to the previous one,
but which contains a different constant. We remark that in the next Theorem we
do not require the smallness of ‖Ima‖M .
Theorem 5.3. If the operator λ · ∇ is Lp-dissipative, then there exists a real
vector Γ ∈ L2
loc
(Rn) such that we have the inequality
−∂j(Re aj) δ(xn) ≤ p
2
(1 + ‖Ima‖M ) (div Γ− |Γ|2)
in the sense of distributions.
Proof. If λ · ∇ is Lp-dissipative, we have the inequality (5.5). Keeping in
mind (5.7) we find
−1
p
∫
Rn−1
∂j(Re aj) |v|2 dx′ ≤
∫
R
n
+
(|∇V |2 − (1− 2/p)2| ∇|V | |2) dx+
∫
Rn−1
Imaj Im(v ∂jv) dx
′ ≤ (1 + ‖Ima‖M )
∫
R
n
+
|∇V |2 dx .
Let us now consider V ∈ C∞0 (Rn) and write V = Vo + Ve, where Vo and Ve are
odd and even respectively. The last inequality we have written leads to
−1
p
∫
Rn−1
∂j(Re aj) |v|2 dx′ ≤ 1 + ‖Ima‖M
2
∫
Rn
|∇Vo|2 dx ≤
1 + ‖Ima‖M
2
∫
Rn
|∇V |2 dx
and the thesis follows from the already quoted result [8, Th. 5.1].

A different sufficient condition can be obtained by using the concept of capacity
(see (2.13)).
Theorem 5.4. Suppose condition (5.2) is satisfied. If
(5.10) − 1
capΩ(F )
∫
F∩Rn−1
∂j(Re aj) dx
′ ≤ p
8
(
4
p p′
− ‖Ima‖M
)
for all compact sets F ⊂ Rn, then the operator λ · ∇ is Lp-dissipative.
Proof. We know that inequality (2.10) holds for any test function w if con-
dition (2.11) is satisfied for all compact sets F ⊂ Ω. As remarked in [11, Remark
5.2], (2.11) implies (2.10) even without the requirement that µ ≥ 0, i.e. µ can be
an arbitrary locally finite real valued charge.
Therefore, condition (5.10) implies inequality (5.8) and, as in Theorem 5.2, the
result follows. 
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In the case of the real oblique derivative problem we have a necessary and
sufficient condition.
Theorem 5.5. Let us suppose that the coefficients aj in (5.1) are real valued
(j = 1, . . . , n− 1). The operator λ · ∇ is Lp-dissipative if and only if there exists a
real vector Γ ∈ L2
loc
(Rn) such that
(5.11) − ∂j(Re aj) δ(xn) ≤ 2
p′
(div Γ− |Γ|2)
in the sense of distributions.
Proof. The operator λ · ∇ being real, we consider the conditions (2.1) and
(2.2) for real valued functions. We remark that, if V is a real valued function, we
have |∇V | = |∇|V || and then∫
R
n
+
(|∇V |2 − (1− 2/p)2| ∇|V | |2) dx = 4
p p′
∫
R
n
+
|∇V |2dx .
Therefore the Lp-dissipativity of λ · ∇ occurs if and only if
(5.12) −
1
p
∫
Rn−1
∂j(Re aj) |v|2 dx′ ≤ 4
p p′
∫
R
n
+
|∇V |2dx .
Arguing as in the proof of Theorem 5.2, we find that (5.12) holds if and only if
−
∫
Rn−1
∂j(Re aj) |v|2 dx′ ≤ 2
p′
∫
Rn
|∇V |2dx .
for any V ∈ C10 (Rn). Appealing again to [8, Th. 5.1], we see that this inequality
holds if and only if condition (5.11) is satisfied. 
6. Lp-positivity of certain integral operators
The aim of this section is to prove the Lp-positivity of the operator
(6.1) Tu(E) =
∫
E
∫ ∗
Rn
[u(x)− u(y)]K(dx, dy) .
Here E is a Borel set in Rn, K(dx, dy) is a nonnegative Borel measure on Rn×Rn,
locally finite outside the diagonal {(x, y) ∈ Rn × Rn | x = y} and the function u
belongs to C10 (R
n).
The integral in (6.1) has to be understood as a principal value in the sense of
Cauchy
lim
ε→0+
∫
E
∫
Rn\Bε(x)
[u(x)− u(y)]K(dx, dy)
and we assume that such singular integral does exist for any u ∈ C10 (Rn).
In what follows we shall make also the following assumptions on the kernel
K(dx, dy):
(i) K(E,F ) = K(F,E) for any Borel sets E,F ⊂ Rn;
(ii) for any compact set E ⊂ Rn we have∫∫
E×E
|x− y|2K(dx, dy) <∞ ;
(iii) for any R > 0 we have∫
|x|<R
∫
|y−x|>2R
K(dx, dy) <∞ .
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As an example, consider the measureK(dx, dy) = |x−y|−n−2sdxdy (0 < s < 1);
it satisfies all the previous conditions and in this case the operator T coincides, up to
a constant factor, to the fractional power of Laplacian (−∆)s (see, e.g., [5, p.230]).
As in (2.1)-(2.2), we say that T is Lp-positive if
(6.2)
∫
Rn
〈Tu, |u|p−2u〉 ≥ 0, if p ≥ 2,
∫
Rn
〈T (|u|p′−2u), u〉 ≥ 0, if 1 < p < 2,
for any u ∈ C10 (Rn).
Theorem 6.1. Let K(dx, dy) be a kernel satisfying the previous conditions.
Then the operator (6.1) is Lp-positive. More precisely we have the inequalities
(6.3)∫
Rn
〈Tu, |u|p−2u〉 ≥ 4
p p′
∫∫
Rn×Rn
(|u(y)|p/2 − |u(x)|p/2)2K(dx, dy) , if p ≥ 2;
∫
Rn
〈T (|u|p′−2u), u〉 ≥ 4
p p′
∫∫
Rn×Rn
(|u(y)|p′/2 − |u(x)|p′/2)2K(dx, dy) , if 1 < p < 2.
Proof. Let us observe that, in view of (i), we may write
(6.4)
∫
Rn
〈Tu, v〉 = 1
2
∫∫
Rn×Rn
[u(x)− u(y)][v(x)− v(y)]K(dx, dy)
for any u, v ∈ C10 (Rn). In fact, since u and v have compact support and thanks
to conditions (ii) and (iii), the integral in the right hand side of (6.4) is absolutely
convergent. Now we may appeal to the dominated convergence Theorem to obtain
(6.4).
Let p ≥ 2 and consider ∫
Rn
〈Tu, |u|p−2u〉 =
1
2
∫∫
Rn×Rn
[u(x)− u(y)][|u(x)|p−2u(x)− |u(y)|p−2u(y)]K(dx, dy)
for any u ∈ C10 (Rn). Note that in this case |u|p−2u ∈ C10 (Rn). Since
(x − y)(|x|p−2x− |y|p−2y) ≥ 4
p p′
(|x|p/2 − |y|p/2)2
for any x, y ∈ R (see [5, p.231]), we have that (6.2) holds for any u ∈ C10 (Rn).
If 1 < p < 2, the second condition in (6.2) can be written as∫
Rn
〈Tv, |v|p′−2v〉 ≥ 0
for any v ∈ C10 (Rn) and the result follows as in the case p ≥ 2 already considered.

As a Corollary, we have that under an additional condition, we have a lower
estimate involving a Besov semi-norm.
Corollary 6.2. Let the kernel K(dx, dy) satisfy the conditions of Theorem
6.1. Moreover suppose that there exist C > 0 and s ∈ (0, 1) such that
(6.5) K(dx, dy) ≥ C dxdy|x− y|n+2s on R
n × Rn .
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Then we have ∫
Rn
〈Tu, u〉 |u|p−2 ≥ 2C
p p′
‖ |u|p/2‖2Ls,2(Rn) , if p ≥ 2;∫
Rn
〈T (|u|p′−2u), u〉 ≥ 2C
p p′
‖ |u|p′/2‖2Ls,2(Rn) , if 1 < p < 2,
where
‖v‖Ls,2(Rn) =
(∫∫
Rn×Rn
|v(y)− v(x)|2 dxdy|y − x|n+2s
)1/2
.
Proof. The result follows immediately from (6.3) and (6.5). 
We conclude with a remark. In Sections 5 and 6, the space C10 (R
n) was the
class of admissible functions. Actually, in these cases, we could extend this class and
consider more general functions like, for example, compactly supported Lipschitz
functions or even bounded functions in proper Sobolev spaces.
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